Introduction
There are various approximation methods for solving the Stokes problem, see Bercovier and Pironneau [3] , Brezzi et al. [4] , Chen and Lin [5] , Girault and Raviart [9] , Glowinski and Pironneau [10] , Han [11] , Křížek [13] , Mercier et al. [20] , Rannacher and Turek [21] , Wang and Ye [23] , Ye [25] , Zhou and Li [26] , and references cited therein.
In this article we will study two nonconforming finite elements, Q in Ω,
where Ω is a rectangular domain in R 2 . For simplicity, we take Ω = (0, 1) × (0, 1).
It is well known that the extrapolation method is an efficient procedure for improving the accuracy of approximation of many problems in numerical analysis. The effectiveness of this technique relies heavily on the existence of an asymptotic expansion for the error. This technique has been well demonstrated in its application to the finite element methods [17] , [18] and [22] .
The application of the extrapolation method to eigenvalue problems was first proposed by Q. Lin and T. Lü [16] , and was analyzed in [14] , [15] , [17] , [19] , and [22] .
In [5] , the bilinear finite element has been analyzed for the Stokes eigenvalue problem and the error asymptotic expansion and the extrapolation formula were given.
This paper is organized in the following way. In Section 2 we present asymptotic expansions for nonconforming finite elements, Q rot 1 and EQ rot 1 . The analysis for the eigenvalue problem is given in Section 3, and in Section 4 we derive the expansions of the eigenvalue error, using some integral identities and the Bramble-Hilbert lemma in our analysis. Section 5 is devoted to extrapolation and an a posteriori error estimate for eigenvalue approximations. And finally, in Section 6 numerical experiments are reported.
Throughout this article we shall use the standard notation as in Chen [7] and Ciarlet [8] , for example, the notation of the Sobolev space, product, norms, seminorms, and discretized norms.
The main technique we use is the eigenvalue error expansion technique first proposed by Lin and Lü [16] , and the Bramble-Hilbert lemma [15] . Let T h = {e} be a rectangular partition over Ω, where e = [x e − h e , x e + h e ] × [y e − k e , y e + k e ], h = max e {h e , k e }. Moreover, T h is regular, i.e.
Q
where C i > 0 (i = 0, 1).
The Q rot 1 finite element space V h is defined as follows:
with the interpolation u I ∈ V h which is defined by the edge conditions
where l i (i = 1, 2, 3, 4) are the four edges of e. In addition, set
The EQ rot 1 finite element space W h is defined as follows:
with the interpolation u I ∈ W h which is defined by the edge-surface conditions In addition, set W 0h = {v ∈ W h ; v| ∂Ω = 0}.
It is obvious that
We have the following integral expansions (see [15] ): and furthermore, if T h is uniform and ∂u/∂n| ∂Ω = 0 or v| ∂Ω = 0, we have
where h and k are the mesh step sizes in x-and y-directions, respectively.
Approximation of the Stokes eigenvalue problem
In this section we consider a stream function-vorticity-pressure method to solve the eigenvalue problem (1).
We introduce the stream function ψ for the velocity (1) can be expressed as the following buckling plate problem:
Find λ, ψ satisfying
where n is the outward unit normal. Then we can obtain the following weak mixed formulation for (8) which seeks
with u = curl ψ, where ω = −∆ψ and
Problem (9) has an eigenvalue sequence
and the associated eigenfunctions
The finite element approximation of (9) is to seek
and find p h ∈ V h or W h such that
In order to get the error expansion of the eigenvalue problem we analyze the original problem first.
The original problem is:
The finite element approximation for (13) is:
and a uniform mesh for EQ rot 1 . Then
P r o o f. Since ω = −∆ψ, we have
Let us define
Therefore,
Similarly, we have
where
Then,
From (17), (18) and Lemmas 2.1-2.3 we can prove the assertion of Lemma 3.1.
Here we assume that all eigenvalues have ascent and their geometric multiplicity is one. From Lemma 3.1 and the results of [6] , [12] , [20] , and [24] we have the following theorem. 
is an eigenpair of (9) and 
where (R h ψ, R h ω) is the solution of (14) with g = λψ. Then
and since ω = −∆ψ,
Thus we get the theorem. 
and for the finite element EQ rot 1 , if T h is uniform, we have
3 Ω ψ xxyy ∆ψ dx dy (24)
P r o o f. It is obvious that ([15])
Then Lemma 2.1-2.3, Theorem 3.1 and Theorem 4.1 yield the assertion of this theorem.
Extrapolation and an a posteriori error estimate for eigenvalues
In order to use the extrapolation method, we assume that T h/2 has been obtained from T h by dividing each element into four congruent rectangles by connecting the midpoints of its edges. Let (λ h/2 , ψ h/2 , ω h/2 ) be the eigensolution approximation on the mesh T h/2 .
Denote by
the extrapolation of λ. Then by Theorem 4.2 we get the following error estimate for the extrapolationλ h and an a posteriori error estimate for the eigenvalue. 
and thus,
provides an a posteriori error estimate
Numerical results
First, we introduce some notation
.
We compute the first eigenvalue and take λ = 52.3446911 (accurate enough). From Tabs. 1 and 2 we can find that with the extrapolation the approximation accuracy can be improved from O(h 2 ) to O(h 4 ), which validates the corresponding theoretical result in Theorem 5.1 computationally. The extrapolation of the eigenvalue gives a more efficient approximation.
Concluding remarks
The nonconforming finite elements, Q rot 1 and EQ rot 1 , can give optimal error estimates under some conditions for the stream function-vorticity-pressure method of the Stokes eigenvalue problems. The eigenvalue extrapolation can improve the accuracy of the eigenvalue approximations and give an a posteriori error estimate.
We can also apply Q rot 1
and EQ rot 1
elements to other problems and also use the extrapolation method to improve the accuracy order.
We also need to notice that the extrapolation method may give "good" results even though the true solution does not satisfy regularity assumptions guaranteeing superconvergence theoretically.
